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ON THE BOUNDEDNESS OF PERIODIC
PSEUDO-DIFFERENTIAL OPERATORS
DUVA´N CARDONA1
Abstract. In this paper we investigate the Lp-boundedness of certain classes
of periodic pseudo-differential operators. The operators considered arise from
the study of symbols on Tn × Zn with limited regularity.
1. Introduction
In this work we obtain Lp−boundedness theorems for pseudo-differential op-
erators with symbols defined on Tn × Zn. For some recent work on boundedness
results of periodic pseudo-differential operators in Lp-spaces we refer the reader
to [6, 9, 22, 27, 28]. Pseudo-differential operators on Rn are generalizations of
differential operators and singular integrals. They are formally defined by
Tσu(x) =
∫
ei2pi〈x,η〉σ(x, η)û(η)dη.
The function σ is usually called the symbol of the corresponding operator Tσ.
Symbols are classified according to their behavior and the behavior of their deriva-
tives. For m ∈ R and 0 ≤ ρ, δ ≤ 1, the (ρ, δ)−Ho¨rmander class Smρ,δ(R
n × Rn)
consists of those functions which are smooth in (x, η) and which satisfy symbols
inequalities
|∂βx∂
α
η σ(x, η)| ≤ Cα,β〈η〉
m−ρ|α|+δ|β|.
The corresponding set of operators with symbols in (ρ, δ)−classes will be denoted
by Ψmρ,δ(R
n×Rn). A remarkable result due to A. P. Caldero´n and R. Vaillancourt,
gives us that a pseudo-differential operator with symbol in S0ρ,ρ(R
n×Rn) for some
0 ≤ ρ < 1 is bounded on L2(Rn), (see [3, 4]). Their result is false when ρ = 1 :
there exists symbols in S01,1(R
n × Rn) whose associated pseudo-differential oper-
ators are not bounded on L2(Rn), (see [11]). For general 1 < p < ∞, we have
the following theorem (see Fefferman [13]): if m ≤ −mp = −n(1 − ρ)|
1
p
− 1
2
|,
mp < n(1 − ρ)/2, then Tσ ∈ Ψ
m
ρ,δ(R
n × Rn) is a Lp- bounded operator. It is
well known that for every m > mp there exists Tσ ∈ Ψ
−m
ρ,δ (R
n × Rn) which is
not bounded on Lp(Rn). The historical development of the problem about the
Lp-boundedness of pseudo-differential operators on Rn can be found in [26, 33].
Pseudo-differential operators with symbols in Ho¨rmander classes can be defined
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on C∞- manifolds by using local charts. In 1979, Agranovich (see [1]) gives a
global definition of pseudo-differential operators on the circle S1, (instead of the
local formulation on the circle as a manifold). By using the Fourier transform
Agranovich’s definition was readily generalizable to the n−dimensional torus Tn.
It is a non-trivial result, that the definition of pseudo-differential operators with
symbols on (ρ, δ)−classes by Agranovich and Ho¨rmander are equivalent. This
fact is known as the equivalence theorem of McLean (see [20]). Important con-
sequences of this equivalence are the following periodic versions of the Caldero´n-
Vaillancourt theorem and the Fefferman theorem:
Theorem 1.1. Let 0 ≤ δ < ρ ≤ 1 and let a : Tn × Zn → C be a symbol with
corresponding periodic pseudo-differential operator defined on C∞(Tn) by
a(x,D)f(x) =
∑
ξ∈Zn
ei2pi〈x,ξ〉a(x, ξ)f̂(ξ). (1.1)
If α, β ∈ Nn, under one of the following two conditions,
1. (Calderon-Vaillancourt condition, periodic version).
|∂βx∆
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
ρ(|β|−|α|), (x, ξ) ∈ Tn × Zn,
2. (Fefferman condition, periodic version).
|∂βx∆
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
−mp−ρ|α|+δ|β|, (x, ξ) ∈ Tn × Zn, δ < 1,
the operator a(x,D) is bounded on Lp(Tn), for all 1 < p <∞.
Theorem 1.1 is a consequence of the McLean equivalence theorem, the Caldero´n-
Vaillancourt theorem and the Fefferman theorem. Moreover, from the proofs
of these results it is easy to see that symbols with limited regularity satisfying
conditions in Theorem 1.1 give rise to Lp-bounded pseudo-differential operators
(under the condition 0 ≤ δ < ρ ≤ 1) (see [2]). With this in mind, in this paper we
provide some new results about the Lp boundedness of periodic pseudo-differential
operators associated to toroidal symbols with limited regularity. Now, we first
recall some recent Lp-theorems of periodic operators and later we present our
results.
Theorem 1.2. [22, Wong-Molahajloo]. Let a(x,D) be a periodic pseudo-differential
operator on T1 ≡ S1. If σ : T× Z→ C satisfies
|∂βx∆
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
−|α|, (x, ξ) ∈ Tn × Zn, (1.2)
with |α|, |β| ≤ 1, then, a(x,D) : Lp(T1) → Lp(T1) is a bounded operator for all
1 < p <∞.
Theorem 1.3. [27, Ruzhansky-Turunen] Let n ∈ N, k := [n
2
] + 1 and a : Tn ×
Zn → C such that |∂βxa(x, ξ)| ≤ Cβ, |β| ≤ k. Then, a(x,D) : L
2(Tn) → L2(Tn)
is a bounded operator.
We note that compared with several well-known theorems on L2−boundedness
of pseudo-differential operators (Calderon-Vaillancourt theorem, for example),
the Theorem 1.3 does not require any regularity with respect to the ξ−variable.
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As a consequence of real interpolation and the L2−estimate by Ruzhansky and
Turunen, Delgado [9] established the following sharp Lp−theorem.
Theorem 1.4. [9, Delgado] Let 0 < ε < 1 and k := [n
2
] + 1, let a : Tn × Zn → C
be a symbol such that |∆αξ a(x, ξ)| ≤ Cα〈ξ〉
−n
2
ε−(1−ε)|α|, |∂βxa(x, ξ)| ≤ Cβ〈ξ〉
−n
2
ε, for
|α|, |β| ≤ k. Then a(x,D) : Lp(Tn) → Lp(Tn) is a bounded linear operator, for
2 ≤ p <∞.
In the recent paper [10] the authors have considered the Lp-boundedness of
pseudo-differential operators on Compact Lie groups. Although, the original
theorem is valid for general compact Lie groups, we present the following periodic
version.
Theorem 1.5. [10, Delgado-Ruzhansky] Let 0 ≤ δ, ρ ≤ 1 and 1 < p <∞. Denote
by κ the smallest even integer larger than n
2
. Let σ(x,D) be a pseudo-differential
operator with symbol σ satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−m0−ρ|α|+δ|β|, (1.3)
for all |α| ≤ κ and |β| ≤ [n
p
] + 1, where m0 := κ(1 − ρ)|1/p − 1/2| + δ([
n
p
] + 1).
Then σ(x,D) extends to a bounded operator on Lp(Tn) for all 1 < p <∞.
Now, we present the main results of this paper. Our starting point is the follow-
ing result which consider the problem about the Lp(Tn)-boundedness for 1 ≤ p <
∞, in contrast with the previous results where the case p = 1 can be not consid-
ered because, as it is well known the boundedness of pseudo-differential operators
with symbols in (ρ, δ)- classes fails on L1. We denote mp := −n(1− ρ)|
1
p
− 1
2
|, for
all 1 ≤ p <∞, n ∈ N and 0 ≤ ρ ≤ 1.
Theorem IA. Let 0 < ε ≤ 1, 0 ≤ ρ ≤ 1 and let ω : [0,∞) → [0,∞) be a
non-decreasing and bounded function such that∫ 1
0
ω(t)t−1dt <∞. (1.4)
Let σ(x, ξ) : Tn × Zn → C be a symbol satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ Cω(〈ξ〉
−ε)〈ξ〉−
n
2
(1−ρ)−ρ|α| (1.5)
for |α| ≤ [n
2
] + 1, |β| ≤ [n
p
] + 1, then the corresponding periodic operator σ(x,D)
extends to a bounded operator on Lp(Tn) for all 1 ≤ p <∞.
The following theorem is related with the result proved by Delgado and Ruzhan-
sky mentioned above. We discuss such relation in Remark 3.5.
Theorem IB. Let 0 < ρ ≤ 1, and 1 < p < ∞. Let σ : Tn × Zn → C be a
symbol satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−mp−ρ|α|, (1.6)
for all α and β in Nn such that |α| ≤ [n
2
]+1, |β| ≤ [n
p
]+1, then the corresponding
periodic operator σ(x,D) extends to a bounded operator on Lp(Tn).
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Remark 1.6. We observe that from classical results (e.g., Lemma 2.2 of [26])
together with suitable versions of the McLean equivalence theorem (see Propo-
sition 2.4 below) the Lp-boundedness of a periodic operator satisfying (1.6) for
|α| ≤ [n
2
] + 1, |β| ≤ [n
p
] + 1, 2 ≤ p < ∞ can be proved. For the case of Rn it is
well known that symbols with [n
2
] + 1-derivatives in ξ satisfying (ρ, δ)-estimates
does not always imply Lp-boundedness, 1 < p ≤ 2. However, in order to assure
boundedness it is suffice to consider for this case (n + 1)-derivatives in ξ. How-
ever, with our approach, we only need k := [n
2
] + 1-derivatives in ξ for a periodic
symbol improving the immediate result that we could have if we apply suitable
versions of the McLean equivalence theorem (see Proposition 2.4) (together with
Lemma 2.2 of [26]). It is important to mention that the previous result can be not
deduced from Theorem 1.4. In the following result we consider the boundedness
of multipliers on Lν , 0 < ν ≤ 1.
Theorem IC. Let k := [n
2
] + 1. Let σ(ξ) be a periodic symbol on Zn satisfying
|∆αξ σ(ξ)| ≤ Cα〈ξ〉
−|α|, |α| ≤ k, (1.7)
then, the corresponding periodic operator σ(D) is bounded from L1(Tn) into Lp(Tn)
for all 0 < p < 1.
Interpolation via Riesz-Thorin Theorem allow us to obtain the next (Lp, Lr)-
theorem:
Theorem II. Let 2 ≤ p <∞, 0 < ε < 1 and k := [n
2
] + 1. Let a : Tn × Zn → C
be a symbol such that |∆αξ a(x, ξ)| ≤ Cα〈ξ〉
−n
2
ε−(1−ε)|α|, |∂βxa(x, ξ)| ≤ Cβ〈ξ〉
−n
2
ε, for
|α|, |β| ≤ k, then σ(x,D) : Lp(Tn) → Lr(Tn) is a bounded linear operator for all
1 < q ≤ r ≤ p <∞, where 1
p
+ 1
q
= 1.
An operator T is positive if f ≥ 0 implies that, the function Tf is non-negative.
In the following theorem we study positive and periodic amplitude operators (see
equation (2.9) for the definition of amplitude operator):
Theorem III. Let 0 < ε, δ < 1. If a(x, y,D) is a positive amplitude operator
with symbol satisfying the following inequalities
|∂βx∂
α
y a(x, y, ξ)| ≤ Cα,β〈ξ〉
δ|β|−ε|α|, |α|, |β| ≤ µ := [
n
2
(1− δ)−1] + 1, (1.8)
then a(x, y,D) is bounded on L1(Tn).
Same as in Theorem 1.3, symbols considered in Theorem III does not require
any regularity condition on the Fourier variable. It is important to mention that
there exists a connection between the Lp boundedness of periodic operators and
its continuity on Besov spaces. This relation has been studied by the author on
general compact Lie groups in[7, Section 3]. Although some results in this paper
consider the Lp-boundedness of pseudo-differential operators on the torus (for
1 ≤ p < ∞), this problem has been addressed on general compact Lie groups
in the references [10, 14] for all 1 < p < ∞. Finally, we refer the reader to
the references [15, 16, 17, 23, 35] for other properties of periodic operators on
Lp-spaces.
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2. Preliminaries
We use the standard notation of pseudo-differential operators (see [12, 18, 19,
27, 34]). The Schwartz space S(Zn) denote the space of functions φ : Zn → C
such that
∀M ∈ R, ∃CM > 0, |φ(ξ)| ≤ CM〈ξ〉
M , (2.1)
where 〈ξ〉 = (1 + |ξ|2)
1
2 . The toroidal Fourier transform is defined for any f ∈
C∞(Tn) by f̂(ξ) =
∫
e−i2pi〈x,ξ〉f(x)dx, ξ ∈ Zn. The inversion formula is given by
f(x) =
∑
ei2pi〈x,ξ〉û(ξ), x ∈ Tn. The periodic Ho¨rmander class Smρ,δ(T
n×Rn), 0 ≤
ρ, δ ≤ 1, consists of those functions a(x, ξ) which are smooth in (x, ξ) ∈ Tn ×Rn
and which satisfy toroidal symbols inequalities
|∂βx∂
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (2.2)
Symbols in Smρ,δ(T
n × Rn) are symbols in Smρ,δ(R
n × Rn) (see [18, 27]) of order m
which are 1-periodic in x. If a(x, ξ) ∈ Smρ,δ(T
n × Rn), the corresponding pseudo-
differential operator is defined by
a(x,D)u(x) =
∫
Tn
∫
Rn
ei2pi〈x−y,ξ〉a(x, ξ)u(y)dξdy, u ∈ C∞(Tn). (2.3)
The set Smρ,δ(T
n × Zn), 0 ≤ ρ, δ ≤ 1, consists of those functions a(x, ξ) which are
smooth in x for all ξ ∈ Zn and which satisfy
∀α, β ∈ Nn, ∃Cα,β > 0, |∆
α
ξ ∂
β
xa(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (2.4)
The operator ∆αξ in (2.4) is the difference operator which is defined as follows.
First, if f : Zn → C is a discrete function and (ej)1≤j≤n is the canonical basis of
R
n,
(∆ξjf)(ξ) = f(ξ + ej)− f(ξ). (2.5)
If k ∈ N, denote by ∆kξj the composition of ∆ξj with itself k−times. Finally, if
α ∈ Nn, ∆αξ = ∆
α1
ξ1
· · ·∆αnξn . The toroidal operator (or periodic operator) with
symbol a(x, ξ) is defined as
a(x,D)u(x) =
∑
ξ∈Zn
ei2pi〈x,ξ〉a(x, ξ)û(ξ), u ∈ C∞(Tn). (2.6)
There exists a process to interpolate the second argument of symbols on Tn×Zn
in a smooth way to get a symbol defined on Tn × Rn.
Proposition 2.1. Let 0 ≤ δ ≤ 1, 0 < ρ ≤ 1. The symbol a ∈ Smρ,δ(T
n × Zn) if
only if there exists a Euclidean symbol a′ ∈ Smρ,δ(T
n ×Rn) such that a = a′|Tn×Zn .
Proof. The proof can be found in [20, 27]. 
It is a non trivial fact, however, that the definition of pseudo-differential op-
erator on a torus given by Agranovich (equation 2.6 ) and Ho¨rmander (equation
2.3) are equivalent. McLean (see [20]) prove this for all the Ho¨rmander classes
Smρ,δ(T
n×Zn). A different proof to this fact can be found in [27], Corollary 4.6.13.
Proposition 2.2. (Equality of Operators Classes). For 0 ≤ δ ≤ 1, 0 < ρ ≤ 1 we
have Ψmρ,δ(T
n × Zn) = Ψmρ,δ(T
n × Rn).
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A look at the proof (based in Theorem 4.5.3 of [27]) of the Proposition 2.2 shows
us that a more general version is still valid for symbols with limited regularity as
follows (see Corollary 4.5.7 of [27]):
Corollary 2.3. Let 0 ≤ δ ≤ 1, 0 ≤ ρ < 1. Let a : Tn × Rn → C satisfying
(ρ, δ)−inequalities for |α| ≤ N1 and |β| ≤ N2. Then the restriction a˜ = a|Tn×Zn
satisfies (ρ, δ)−estimates for |α| ≤ N1 and |β| ≤ N2. The converse holds true,
i.e, if every symbol on Tn × Zn satisfying (ρ, δ)-inequalities (as in (2.4)) is the
restriction of a symbol on Tn × Rn satisfying (ρ, δ) inequalities as in (2.2).
Let us denote Ψmρ,δ,N1,N2(T
n×Zn) to the set of operators associated to symbols
satisfying (2.4) for all |α| ≤ N1 and |β| ≤ N2, and Ψ
m
ρ,δ,N1,N2
(Tn × Rn) defined
similarly. Then we have (see Theorem 2.14 of [9]):
Proposition 2.4. (Equality of Operators Classes). For 0 ≤ δ ≤ 1, 0 < ρ ≤ 1 we
have Ψmρ,δ,N1,N2(T
n × Zn) = Ψmρ,δ,N1,N2(T
n × Rn).
The toroidal calculus is closed under adjoint operators. The corresponding
announcement is the following.
Proposition 2.5. Let 0 ≤ δ < ρ ≤ 1. Let a(x,D) be a operator with sym-
bol a(X, ξ) ∈ Smρ,δ(T
n × Zn). Then, the adjoint a∗(x,D) of a(x,D), has symbol
a∗(x, ξ) ∈ Smρ,δ(T
n×Zn). The symbol a∗(x, ξ) has the following asymptotic expan-
sion:
σ∗(x, ξ) ≈
∑
α≥0
1
α!
∆αξD
(α)
x σ(x, ξ). (2.7)
Moreover, if n0 ∈ N, then
σ∗(x, ξ)−
∑
|α|<n0
1
α!
∆αξD
(α)
x σ(x, ξ) ∈ S
m−n0(ρ−δ)
ρ,δ (T
n × Zn). (2.8)
In order to establish our result on positive operators, we introduce amplitude
operators. The periodic amplitudes are functions a(x, y, ξ) defined on Tn ×Tn ×
Zn. The corresponding amplitude operators are defined as
a(x, y,D)u(x) =
∫
Tn×Rn
ei2pi〈x−y,ξ〉a(x, y, ξ)u(y)dy dξ. (2.9)
If the symbol depends only on (x, ξ)−variables then p(x, y,D) = p(x,D). More-
over, if a symbol σ(x, ξ) = σ(ξ) depends only on the Fourier variable ξ, the
corresponding pseudo-differential operator σ(x,D) = σ(D) is called a Fourier
multiplier. An instrumental result on Fourier multipliers in the proof of our main
results is the following: (see, Theorem 3.8 of Stein [32]).
Proposition 2.6. Suppose 1 ≤ p ≤ ∞ and Tσ be a Fourier multiplier on R
n with
symbol σ(ξ). If σ(ξ) is continuous at each point of Zn then the periodic operator
defined by
σ(D)f(x) =
∑
ξ∈Zn
ei2pi〈x,ξ〉σ(ξ)û(ξ), (2.10)
is a bounded operator from Lp(Tn) into Lp(Tn).
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The following results will help clarify the nature of the conditions that will be
imposed on periodic symbols in order to obtain Lp theorems for periodic operators
with symbols of limited regularity.
Proposition 2.7. Let 0 ≤ ρ ≤ 1 and 0 < ε ≤ 1, and suppose that the symbol
σ(x, ξ) on Rn × Rn satisfies
|∂αξ σ(x, ξ)| ≤ Cω(〈ξ〉
−ε)〈ξ〉−
n
2
(1−ρ)−ρ|α|, |α| ≤ [
n
2
] + 1, (2.11)
where ω is a non-decreasing, bounded and non-negative function on [0,∞) satis-
fying ∫ 1
0
ω(t)t−1dt <∞.
Then Tσ is a bounded operator on L
p(Rn) for all 2 ≤ p ≤ ∞.
Proof. See Theorem 4.4 and Corollary 4.2 of [2]. 
The following is a version of the Fefferman theorem but symbols are considered
with limited smoothness.
Proposition 2.8. Let 2 ≤ p < ∞ and 0 ≤ δ ≤ ρ ≤ 1, δ < 1. Let σ(x, ξ) be a
symbol satisfying
|∂βx∂
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−mp−ρ|α|+δ|β|, |α|, |β| ≤ [
n
2
] + 1, (2.12)
where mp = n(1 − ρ)|
1
p
− 1
2
|. Then Tσ : L
p(Rn)→ Lp(Rn) is a bounded operator.
Proof. See Theorem 5.1 and Corollary 5.1 of [2]. 
The following theorem is the particular case of one proved in [29] for compact
Lie groups.
Theorem 2.9. Let k > n
2
be an even integer. If σ(ξ) is a periodic symbol on Zn
satisfying
|∆αξ σ(ξ)| ≤ Cα〈ξ〉
−|α|, |α| ≤ k, (2.13)
then, the corresponding periodic operator σ(D) is of weak type (1,1) and Lp-
bounded for all 1 < p <∞.
Also, weak(1,1) boundedness of periodic operators has been considered by the
author in [6]. We end this section with the following result proved in [10]. Al-
though, the original theorem is valid for general compact Lie groups, we present
the periodic version for simplicity.
Theorem 2.10. Let 0 ≤ δ, ρ ≤ 1 and 1 < p <∞. Denote by κ the smallest even
integer larger than n
2
. Let σ(x,D) be a pseudo-differential operator with symbol σ
satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−m0−ρ|α|+δ|β|, (2.14)
for all |α| ≤ κ and |β| ≤ [n
p
] + 1, where m0 := κ(1 − ρ)|1/p − 1/2| + δ([
n
p
] + 1).
Then σ(x,D) extends to a bounded operator on Lp(Tn) for all 1 < p <∞.
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3. Main Results-Proofs
In this section we prove our main results. we discuss that conditions on the peri-
odic symbol σ(x, ξ) guarantee the Lp−boundedness of the corresponding pseudo-
differential operator.
Lemma 3.1. Let 0 < ε ≤ 1, 0 ≤ ρ ≤ 1, 1 ≤ p ≤ ∞ and ω : [0,∞)→ [0,∞) be a
non-decreasing function such that∫ 1
0
ω(t)t−1dt <∞. (3.1)
If σ1 : R
n → C is a symbol satisfying
|∂αξ σ1(ξ)| ≤ Cω(〈ξ〉
−ε)〈ξ〉−
n
2
(1−ρ)−ρ|α| (3.2)
for all α with |α| ≤ [n
2
] + 1, then the corresponding periodic operator σ(D) with
symbol σ(ξ) = σ1(ξ)|Zn is a bounded operator on L
p(Tn).
Proof. Proposition 2.7 provides the Lp(Rn)-boundedness of Tσ1 . Now, by Propo-
sition 2.6, the pseudo-differential operator with symbol σ(ξ) is Lp(Tn)−bounded.

Theorem 3.2. Let 0 < ε ≤ 1, 0 ≤ ρ ≤ 1, 1 ≤ p <∞ and ω : [0,∞)→ [0,∞) be
a bounded and non-decreasing function such that∫ 1
0
ω(t)t−1dt <∞. (3.3)
If σ : Tn × Rn → C is a symbol satisfying
|∂αξ ∂
β
xσ(x, ξ)| ≤ Cω(〈ξ〉
−ε)〈ξ〉−
n
2
(1−ρ)−ρ|α| (3.4)
for |α| ≤ [n
2
] + 1, |β| ≤ [n
p
] + 1, then the corresponding periodic operator σ(x,D)
is a bounded linear operator on Lp(Tn).
Proof. Let us consider the Schwartz kernel K(x, z) of σ(x,D) which is given by
K(x, y) = r(x − y, x) where r(x, z) =
∫
Rn
ei2pi〈x,ξ〉σ(z, ξ), is understood in the
distributional sense. For every z ∈ Tn fixed, r(z)(·) = r(·, z) is a distribution
and the map f 7→ f ∗ r(·, z) = f ∗ r(z)(·) is a pseudo-differential operator with
symbol σz : ξ 7→ σ(z, ξ). If x ∈ T
n and f ∈ C∞(Tn), σ(x,D)f(x) = (f ∗ r(x))(x).
Moreover, for any β ∈ Nn with |β| ≤ [n
p
] + 1, the pseudo-differential operator
f ∗ [∂βx r(·, x)]|x=z := f ∗ [∂
β
z r(·, z)] is a pseudo-differential operator with symbol
[∂βxσ(·, x)]|x=z := ∂
β
z σ(z, ·). By Lemma 3.1, every pseudo-differential operator
σz,β(D) with symbol σz,β(ξ) = ∂
β
z σ(z, ξ) is L
p(Tn)-bounded for 1 ≤ p <∞. Now,
by the Sobolev embedding theorem, for 1 ≤ p <∞,
|σ(x,D)f(x)|
p ≤ sup
z∈Tn
|(f ∗ r(z))(x)|p ≤
∑
|β|≤[n
p
]+1
∫
Tn
|(f ∗ ∂βz r(z))(x)|
pdz
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Hence, by application of the Fubini theorem we get
‖σ(x,D)f‖pLp(Tn) ≤ C
p
∑
|β|≤[n
p
]+1
∫
Tn
∫
Tn
|(f ∗ ∂βz r(z))(x)|
pdzdx
≤ Cp
∑
|β|≤[n
p
]+1
∫
Tn
∫
Tn
|(f ∗ ∂βz r(z))(x)|
pdxdz
≤ Cp
∑
|β|≤[n
p
]+1
sup
z∈Tn
∫
Tn
|(f ∗ ∂βz r(z))(x)|
pdx
= Cp
∑
|β|≤[n
p
]+1
sup
z∈Tn
‖σz,β(D)f‖
p
Lp(Tn)
≤ Cp

 ∑
|β|≤[n
p
]+1
sup
z∈Tn
‖σz,β(D)‖
p
B(Lp,Lp)

 ‖f‖pLp(Tn).
Thus,
‖σ(x,D)f‖Lp(Tn) ≤ C

 ∑
|β|≤[n
p
]+1
sup
z∈Tn
‖σz,β(D)‖
p
B(Lp,Lp)


1
p
‖f‖Lp(Tn).

Lemma 3.3. Let k ∈ R, ε > 0, ω be a function as in Proposition 2.7 and
σ : Tn × Rn → C be a symbol satisfying
|∂αξ ∂
β
xσ(x, ξ)| ≤ Cω(〈ξ〉
−ε)〈ξ〉k, (3.5)
for all |α| ≤ N1 and |β| ≤ N2. Let a˜(x, ξ) := σ(x, ξ)|Tn×Zn . Then
|∆αξ ∂
β
x σ˜(x, ξ)| ≤ C
′ω(〈ξ〉−ε)〈ξ〉k, (3.6)
for all |α| ≤ N1 and |β| ≤ N2. Moreover, every symbol satisfying (3.6) is the
restriction of a symbol on Tn × Rn satisfying (3.5).
Proof. Let us consider σ as in (3.5). By the mean value theorem, if |α| = 1 we
have
∆αξ ∂
β
x σ˜(x, ξ) = ∆
α
ξ ∂
β
xσ(x, ξ) = ∂
α
ξ ∂
β
xσ(x, ξ)|ξ=η
where η is on the line [ξ, ξ + α]. For a general multi-index α ∈ Nn, it can proved
by induction that
∆αξ ∂
β
x σ˜(x, ξ) = ∂
α
ξ ∂
β
xσ(x, ξ)|ξ=η
for some η ∈ Q := [ξ1 × ξ1 + α1]× · · · [ξn × ξn + αn]. Hence, we have
|∆αξ ∂
β
x σ˜(x, ξ)| = |∂
α
ξ ∂
β
xσ(x, ξ)|ξ=η∈Q|
≤ Cω(〈η〉−ε)〈η〉k ≤ C ′ω(〈ξ〉−ε)〈ξ〉k.
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So, we have proved the first part of the theorem. Now, let us consider a symbol
σ˜ on Tn×Zn satisfying (3.6). Let us consider θ as in Lemma 4.5.1 of [27]. Define
the symbol σ on Tn × Rn by
σ(x, ξ) =
∑
η∈Zn
(FRnθ)(ξ − η)σ˜(x, η). (3.7)
Same as in the proof of Theorem 4.5.3 of [27], pag. 359, we have
|∂βx∂
α
ξ σ(x, ξ)| =
∣∣∣∣∣
∑
η∈Zn
φα(ξ − η)∂
β
x∆
α
ξ σ˜(x, η)
∣∣∣∣∣
where every φα ∈ S(R
n) is a function as in Lemma 4.5.1 of [27]. So, we obtain
|∂βx∂
α
ξ σ(x, ξ)| ≤
∑
η∈Zn
|φα(η)ω(〈ξ − η〉
−ε)〈ξ − η〉k| (3.8)
Since ω is bounded, for some M > 0, and all α ≥ 1 we have
|ω(αt)| ≤ αω(t), t > M. (3.9)
By (3.9), the Peetre inequality and using that ω is increasing we have
|∂βx∂
α
ξ σ(x, ξ)| ≤
∑
η∈Zn
|φα(η)ω(〈ξ − η〉
−ε)〈ξ − η〉k|
≤
∑
η∈Zn
|φα(η)ω(〈ξ〉
−ε〈η〉ε)〈ξ〉k〈η〉k|
≤ Cω(〈ξ〉−ε)〈ξ〉k
∑
η∈Zn
|φα(η)〈η〉
ε+k|.
Since every φα is a function in the Schwartz class we obtain
|∂βx∂
α
ξ σ(x, ξ)| ≤ C
′ω(〈ξ〉−ε)〈ξ〉k. (3.10)
So, we end the proof. 
As a consequence of the results above we obtain the following result.
Theorem IA. Let 0 < ε ≤ 1, 0 ≤ ρ ≤ 1 and let ω : [0,∞) → [0,∞) be a
non-decreasing and bounded function such that∫ 1
0
ω(t)t−1dt <∞. (3.11)
Let σ(x, ξ) : Tn × Zn → C be a symbol satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ Cω(〈ξ〉
−ε)〈ξ〉−
n
2
(1−ρ)−ρ|α| (3.12)
for α, β ∈ Nn such that |α| ≤ [n
2
]+1, |β| ≤ [n
p
]+1, then the corresponding periodic
operator σ(x,D) extends to a bounded operator on Lp(Tn) for all 1 ≤ p <∞.
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Proof. First, let us denote by Ψm,ωρ,δ,N1,N2(T
n×Rn) and Ψm,ωρ,δ,N1,N2(T
n×Zn) to the set
of operators with symbols satisfying (3.5) and (3.6) respectively. If we combine
the Theorem 4.6.12 of [27] and Lemma 3.3 we obtain the equality of classes
Ψm,ωρ,δ,N1,N2(T
n × Rn) = Ψm,ωρ,δ,N1,N2(T
n × Zn). (3.13)
Hence, in order to proof the boundedness of σ(x,D) we only need to proof that
Ψ
−n
2
(1−ρ), ω
ρ,0,[n
2
]+1,[n
p
]+1(T
n × Rn) ⊂ L(Lp(Tn)), (3.14)
but, this fact has been proved in Theorem 3.2. 
Lemma 3.4. Let 0 ≤ ρ ≤ 1, and 1 < p < ∞. Let σ1 : R
n → C be a symbol
satisfying
|∂αξ σ1(ξ)| ≤ C〈ξ〉
−mp−ρ|α| (3.15)
for all α and β with |α| ≤ [n
2
] + 1, then the corresponding periodic operator σ(D)
with symbol σ(ξ) = σ1(ξ)|Zn is a bounded operator on L
p(Tn).
Proof. From Proposition 2.8, we deduce the Lp(Rn)−boundedness of Tσ1 . Finally,
by Proposition 2.6, σ(D) is a bounded operator on Lp(Tn). 
Theorem IB. Let 0 < ρ ≤ 1, and 1 < p <∞. Let σ : Tn×Zn → C be a symbol
satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−mp−ρ|α|, (3.16)
for all α and β with |α| ≤ [n
2
]+1, |β| ≤ [n
p
]+1, then σ(x,D) extends to a bounded
operator on Lp(Tn).
Proof. By Proposition 2.4 we only need to proof that
Ψ
−mp
ρ,0,[n
2
]+1,[n
p
]+1(T
n × Rn) ⊂ L(Lp(Tn)), 1 < p <∞. (3.17)
Hence, let us consider a symbol σ1 on T
n × Rn satisfying
|∂βx∂
α
ξ σ1(x, ξ)| ≤ C〈ξ〉
−mp−ρ|α|, (3.18)
for all |α| ≤ [n
2
]+1, |β| ≤ [n
p
]+1. From Lemma 3.4, we obtain the Lp−boundedness
of every operator σ1z,β(D) with symbol σ1z,β(ξ) = (∂
β
xσ1(x, ξ))|x=z, z ∈ T
n. As in
the proof of Theorem IA, an application of the Sobolev embedding theorem gives
‖σ1(x,D)f‖Lp(Tn) ≤ C

 ∑
|β|≤[n
p
]+1
sup
z∈Tn
‖σ1z,β(D)‖
p
B(Lp,Lp)


1
p
‖f‖Lp(Tn).
Hence σ1(x,D) is L
p-bounded. So we end the proof. 
Remark 3.5. We observe that conditions on the number of derivatives in Theorem
2.10 and Theorem IB agree, but the behavior of the symbol derivatives in every
theorem is different. In fact, (3.16) can be written as
|∂βx∆
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−n(1−ρ)|1/p−1/2|−ρ|α|, (3.19)
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in contrast with (2.14):
|∂βx∆
α
ξ σ(x, ξ)| ≤ C〈ξ〉
−κ(1−ρ)|1/p−1/2|−ρ|α|+δ(|β|−([n
p
]+1)), (3.20)
where |β| − ([n
p
] + 1) ≤ 0.
Lemma 3.6. (Kolmogorov’s lemma). Given an operator S which is weak(1,1),
0 < v < 1, and a set E of finite measure, there exists a C > 0 such that∫
E
|Sf(x)|v dx ≤ Cµ(E)1−v‖f‖vL1(Rn). (3.21)
Proof. For the proof of this result, see Lemma 5.16 of [11]. 
Theorem IC. Let k := [n
2
] + 1. If σ(ξ) is a periodic symbol on Zn satisfying
|∆αξ σ(ξ)| ≤ Cα〈ξ〉
−|α|, |α| ≤ k, (3.22)
then, the corresponding periodic operator σ(D) is bounded from L1(Tn) into Lp(Tn)
for all 0 < p < 1.
Proof. By Theorem 2.4 we only need to prove that an operator σ1(D) with symbol
σ1 on T
n × Rn satisfying
|∂αξ σ1(ξ)| ≤ Cα〈ξ〉
−|α|, |α| ≤ k, (3.23)
is a bounded operator from L1(Tn) into Lp(Tn) for all 0 < p < 1. The multiplier
σ(D) is of weak type (1,1) on Rn (see [31, 32]). Now, by Kolmogorov’s lemma
with E = Tn, for f ∈ Lp(Tn) (which can be considered as a function on Rn equal
to zero in Rn − Tn) we have∫
Tn
|σ1(x,D)f(x)|
p dx ≤ C‖f‖pL1(Rn) = C‖f‖
p
L1(Tn)
which proves the boundedness of σ1(x,D). So, we end the proof. 
Lemma 3.7. Let 2 ≤ p <∞, and k = [n
2
] + 1, let p(x, ξ) be a symbol such that
|∂βxp(x, ξ)| ≤ Ck, |β| ≤ k. (3.24)
Then p(x,D) : Lp(Tn)→ Lq(Tn) is a bounded operator, where 1
p
+ 1
q
= 1.
Proof. By the definition of periodic pseudo-differential operator, integration by
parts and inversion formula, we have
〈p(x,Dx)u, g〉L2(Tn) =
∫
Tn
∑
ξ∈Zn
ei2pixξp(x, ξ)û(ξ)g(x)dx
=
∫
Tn
∑
ξ∈Zn
∑
η∈Zn
ei2pix(ξ−η)p(x, ξ)û(ξ)ĝ(η)dx
=
∑
ξ∈Zn
∑
η∈Zn
∫
Tn
ei2pix(ξ−η)p(x, ξ)û(ξ)ĝ(η)dx
=
∑
ξ∈Zn
∑
η∈Zn
∫
Tn
〈ξ − η〉−2kei2pix(ξ−η)Lkxp(x, ξ)û(ξ)ĝ(η)dx,
BOUNDEDNESS OF PERIODIC PSEUDO-DIFFER. OPERATORS 13
where Lqx = (I −
1
4pi2
Lx)
q and Lx is the Laplacian in x−variables. Using the
Young Inequality, we get
|〈p(x,Dx)u, g〉L2(Tn)| ≤
∑
ξ∈Zn
∑
η∈Zn
〈ξ − η〉−2k|Lkxp(x, ξ)||û(ξ)||ĝ(η)|
≤
∑
ξ∈Zn
∑
η∈Zn
〈ξ − η〉−2kCkû(ξ)||ĝ(η)|
=
∑
ξ∈Zn
|û(ξ)|
∑
η∈Zn
〈ξ − η〉−2k|ĝ(η)|Ck
=
∑
ξ∈Zn
Ck|û(ξ)|〈·〉
−2q ∗ |ĝ(·)|(ξ)Ck
≤ Ck‖û‖L2(Zn)‖〈·〉
−2k|ĝ|‖L2(Zn)
≤ Ck‖u‖L2(Tn)‖〈·〉
−2k‖L1(Z)‖g‖L2(Tn)
If p ≥ 2 then the inclusion map i : Lp(Tn)→ L2(Tn) is continuous. So, for some
C > 0 we have ‖ · ‖L2(Tn) ≤ C‖ · ‖Lp(Tn). So, we get
|〈p(x,Dx)u, g〉L2(Tn)| ≤ CCk‖〈·〉
−2k‖L1(Z)‖u‖Lp(Tn)‖g‖Lp(Tn).
Finally,
‖p(x,Dx)u‖Lq(Tn) = sup{|〈p(x,Dx)u, g〉| : ‖g‖Lp(Tn) ≤ 1}
≤ CCk‖〈·〉
−2k‖L1(Z)‖u‖Lp(Tn).

By using the previous lemma we can prove the following theorem on (Lp, Lr)-
boundedness of periodic operators.
Theorem II. Let 2 ≤ p < ∞. If σ(x, ξ) satisfies the hypotheses of Theo-
rem 1.4, then σ(x,D) : Lp(Tn) → Lr(Tn) is a bounded linear operator for all
1 < q ≤ r ≤ p <∞, where 1
p
+ 1
q
= 1.
Proof. Theorem 1.4 implies that, σ(x,D) : Lp(Tn) → Lp(Tn) is a bounded op-
erator for 1 < p < ∞. That σ(x,D) : Lp(Tn) → Lq(Tn) is a bounded opera-
tor is a consequence of Lemma 3.7. Now, by Riesz-Thorin interpolation theo-
rem we deduce that σ(x,D) : Lp(Tn) → Lr(Tn) is a bounded operator for all
q ≤ r ≤ p <∞, with 2 ≤ p <∞. 
In the following theorem we analyze the boundedness of periodic amplitude
operators on L1.
Theorem III. Let 0 < ε, δ < 1. If a(x, y,D) is a positive amplitude opera-
tor with symbol satisfying the following inequalities
|∂βx∂
α
y a(x, y, ξ)| ≤ Cα,β〈ξ〉
δ|β|−ε|α|, |α|, |β| ≤ [
n
2
(1− δ)−1] + 1, (3.25)
then a(x, y,D) is bounded on L1(Tn).
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Proof. If the operator a(x, y,D) is positive and f ≥ 0 we have that
a(x, y,D)f ≥ 0.
Hence,
|a(x, y,D)f(x)| = a(x, y,D)f(x)
=
∫
Tn×Rn
ei2pi(x−y)ξa(x, y, ξ)f(y)dξ dy
=
∫
Tn×Rn×Rn
ei2pi(x−y)ξei2pi(η)ya(x, y, ξ)dξ dyf̂(η)dη
=
∫
Tn×Rn×Rn
ei2pi(x)ξei2pi(η−ξ)ya(x, y, ξ)dξ dyf̂(η)dη.
Clearly 〈ξ〉−2qLqxe
i2pixξ = ei2pixξ, where Lqx = (I −
1
4pi2
Lx)
q and Lx is the Laplacian
in x−variables. Using integration by parts successively we obtain,
∫
Tn
|a(x, y,D)f(x)|dx =
∫
Tn×Tn×Rn×Rn
ei2pi(x)ξei2pi(η−ξ)ya(x, y, ξ)dξ dyf̂(η)dη dx
=
∫
Tn×Tn×Rn×Rn
〈ξ〉−2q〈η − ξ〉−2qei2pi(x)ξei2pi(η−ξ)yLqxL
q
ya(x, y, ξ)dξ dyf̂(η)dη dx
≤
∫
Tn×Tn×Rn×Rn
〈ξ〉−2q〈η − ξ〉−2q|LqxL
q
ya(x, y, ξ)|dξ dy|f̂(η)|dη dx
≤
∫
Tn×Tn×Rn×Rn
〈ξ〉−2q〈η − ξ〉−2qCq〈ξ〉
δ·2qdξ dy|f̂(η)|dη dx
≤
∫
Tn×Tn×Rn×Rn
〈ξ〉2q(δ−1)〈η − ξ〉−2qCqdξ dy‖f‖L1(Tn)dη dx
≤ C‖f‖L1(Tn),
where C =
∫
Rn
(〈·〉2q(δ−1) ∗ 〈·〉−2q)(η)Cqdη. Clearly C is finite for
n
2
(1− δ)−1 < q ≤
[n
2
(1− δ)−1] + 1.
Our proof of the L1−boundedness is for non-negative f, but this is sufficient
since an arbitrary real function can be decomposed into its positive and negative
parts, and complex functions into its real and imaginary parts. 
Remark 3.8. Positive operators in the form of Theorem IV arise with Bessel
potentials of orderm, m ∈ R.We recall that for every m ∈ R, the Bessel potential
of order m, denoted by 〈Dx〉
m is the pseudo-differential operator with symbol
σm(ξ) = 〈ξ〉
m, ξ ∈ Zn.
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Remark 3.9. There exists a connection between the Lp boundedness of Fourier
multipliers on compact Lie groups and its continuity on Besov spaces Brp,q. This
fact was proved by the author in Theorem 1.2 of [8]. In fact, the Lie group
structure of the torus Tn implies that every periodic Fourier multiplier (i.e. a
periodic pseudo-differential operator with symbol depending only on the dual
variable ξ ∈ Zn) bounded from Lp1 into Lp2 also is bounded from Brp1,q into B
r
p2,q
,
r ∈ R and 0 < q ≤ ∞. So, restrictions of our results to the case of symbols σ(ξ)
associated to Fourier multipliers give the boundedness of these operators on every
Besov space Brp,q(T
n), 1 < p <∞.
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